Universality of the Einstein theory of gravitation by Kijowski, Jerzy
ar
X
iv
:1
60
4.
05
05
2v
1 
 [g
r-q
c] 
 18
 A
pr
 20
16
Universality of the Einstein
theory of gravitation
Jerzy Kijowski
Center for Theoretical Physics, Polish Academy of Sciences,
Al. Lotniko´w 32/46; 02-668 Warszawa, Poland
Abstract
We show that generalizations of general relativity theory, which consist
in replacing the Hilbert Lagrangian LHilbert =
1
16pi
√
|g|R by a generic
scalar density L = L(gµν , R
λ
µνκ) depending upon the metric gµν and the
curvature tensor Rλµνκ, are equivalent to the conventional Einstein theory
for a (possibly) different metric tensor g˜µν and (possibly) a different set of
matter fields. The simple proof of this theorem relies on a new approach
to variational problems containing metric and connection.
1 Introduction
Einstein theory of gravity can be derived from the variational principle:
L(g, ∂g, ∂2g, ϕ, ∂ϕ) = LHilbert(g, ∂g, ∂
2g) + LMatter(g, ∂g, ϕ, ∂ϕ) , (1)
with the universal Hilbert Lagrangian:
LHilbert =
1
16pi
√
|g|R = piµνRµν . (2)
Here, Rµν is the Ricci tensor, R is the scalar curvature. Moreover, by
piµν :=
1
16pi
√
|g|gµν , (3)
we have denoted the contravariant density of metric tensor.
Usually, one considers the so called “minimal coupling” of various matter
fields (denoted symbolically by ϕ) with gravity. This requirement means that we
begin with a special-relativistic version of the matter LagrangianLMatter(g, ϕ, ∂ϕ)
and then we replace partial derivatives ∂ϕ by appropriate “covariant” deriva-
tives ∇ϕ = ∂ϕ + “Γ · ϕ”, where Γ is the Levi-Civita connection. The last
statement is merely symbolical. It makes a precise sense only for a tensor field
ϕ. For an arbitrary matter field we only assume that LMatter is an invariant
scalar density built from the field, the metric and their first derivatives.
But, we have:
δLHilbert
δgµν
= −
1
16pi
√
|g|Gµν , (4)
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where by G we denote the Einstein tensor. Defining the ,,matter energy-
momentum tensor”:
T µν :=
2√
|g|
δLMatter
δgµν
. (5)
we obtain the following form of field equations of the theory:
0 =
δL
δgµν
= −
1
16pi
√
|g| (Gµν − 8piT µν) ,
0 =
δL
δϕ
=
δLMatter
δϕ
.
Replacing Hilbert Lagrangian by an arbitrary scalar density L depending
upon g and R, but no longer linear in the curvature, changes substantially the
character of our theory. In a generic case, field equations are no longer of the
second differential order with respect to the metric, but are fourth order PDE’s.
Consider, therefore, a ,,generalized” theory of gravity, based on an invariant
Lagrangian:
L = L(gµν , R
λ
µνκ,Γ
λ
µν , ϕ, ∂ϕ) , (6)
where Γλµν is a Levi-Civita connection of the metric gµν and R
λ
µνκ denotes its
Riemann tensor. In this paper we prove the following mathematical statement.
Theorem 1: There exists a one-to-one change of variables:
(g, ϕ)⇐⇒ (g˜, ϕ, φ) , (7)
and a new matter Lagrangian:
L˜Matter = L˜Matter(g˜, ∂g˜, ϕ, φ, ∂ϕ, ∂φ) , (8)
such that (g, ϕ) satisfy field equations derived from the Lagrangian (6) if and
only if the corresponding fields (g˜, ϕ, φ) satisfy the conventional ,,Einstein +
matter” equations, derived from the conventional variational principle:
L˜ := LHilbert(g˜) + L˜Matter . (9)
In particular, equations for the new metric g˜ are of the second differential order:
Gµν(g˜) = 8piT˜ µν, where
T˜ µν :=
2√
|g˜|
δL˜Matter
δg˜µν
. (10)
Also matter field equations are of the second differential order because L˜Matter
depends upon first derivatives only.
To define new metric g˜ and new matter fields φ we decompose the curvature
tensor into a sum of two irreducible components describing: 1) the Ricci tensor
Rµν and 2) the Weyl tensor W
λ
µνκ (see Section 3, formulae (50) or (47)). The
new metric (or, rather, its contravariant density, cf. formula (3)) is defined as
the “momentum canonically conjugate” to the Ricci tensor:
p˜iµν :=
∂L
∂Rµν
, (11)
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whereas new matter fields φ describe: 1) the old metric g and 2) the field pµνκλ
defined as the “momentum canonically conjugate” to the Weyl tensor:
p
µνκ
λ :=
∂L
∂Wλµνκ
. (12)
This means that the new fields (g˜, φ) are defined as combinations of the old fields
(g, ϕ) and their derivatives up to the second order. The new matter Lagrangian
is calculated in Section 6 (see formula (85)).
The particular case of a Lagrangian L which depends non-linearly upon the
Ricci tensor, but does not depend upon the Weyl tensor, was considered by
many authors (cf. [1]). Mathematical structure of such theories was thoroughly
analyzed already long ago (see e.g. [3]). In particular, equation (12) implies that
the field pµνκλ vanishes identically. Hence, there is only one “new matter field”,
namely the old metric, arising in such models. Probably the first, physically well
motivated, proposal of such a theory was the Sacharov’s non-linear Lagrangian
containing the R2 term (see [4]). In this case, and also for any Lagrangian
depending exclusively upon the scalar curvature R, i.e. for L =
√
|g|f(R),
equation (11) implies that the old metric pi is proportional to the new metric p˜i.
Indeed, (11) reads:
p˜iµν :=
∂L
∂Rµν
= f ′
√
|g|gµν = piµνe−φ . (13)
Consequently, the new matter field piµν can be encoded by a single scalar field φ
(see [5] and also [3]). Sacharov theory is, therefore, equivalent to the standard
Einstein general relativity theory interacting with a non-linear scalar field1:
L˜ := LHilbert(g˜) + L˜Matter(φ, ∂φ, g˜) . (14)
Special examples of the Lagrangians depending upon the Ricci tensor: L =
L(gµν , Rµν), were analyzed also by Stephenson and Higgs (see [2]). These results
are, however, purely algebraic and do not apply to a generic Lagrangian of this
type. Moreover, the theories considered in [2] belong to a (much simpler) class of
“purely affine” theories which we analyze in Section 4. They differ considerably
from the Einstein theory. In our paper we have rather in mind theories whose
weak field limit do not differ substantially from General Relativity Theory.
Recently, there is a renewed interest in generalizations of Einstein theory of
gravity (see e.g. [6]). In this context our result can be summarized as follows:
generalizations of gravity theory based on non-conventional Lagrangians consist,
practically, in introducing non-conventional matter fields, whose gravitational
interaction, however, remains conventional (i.e. Einsteinian). We stress, that
our result is mathematically rigorous, even if there might be doubts concerning
physical interpretation of the change of variables (7). Further discussion of
physical aspects of this transformation is contained in Section 7, but we mainly
concentrate on the mathematical structure of the theory.
The principal advantage of our result consists in the fact, that various dy-
namical properties (i.g. stability!) of generalized theories of gravity can be ana-
lyzed with help of the entire canonical (Hamiltonian) formalism of general rela-
1Also Brans-Dicke theory can be mentioned in this context. It is, however, much simpler
to handle because its Lagrangian is linear in the curvature.
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tivity theory, including the positive mass theorem and its consequences. In par-
ticular, positivity of the total mass in generalized gravity is immediately equiv-
alent with obvious energy conditions imposed on the new energy-momentum
tensor (10) of the new matter fields (g˜, ϕ, φ) (cf. also [7]).
Variational principles based on the curvature are, computationally, relatively
complicated. Even standard textbooks, like Misner-Thorne-Wheeler (see e.g. [9],
formula 21.86 on page 520) try to avoid calculations and limit themselves to pre-
sentation of final results. In particular, boundary terms, which are necessary for
the quasi-local description of gravitational energy (cf. [10]) are never presented.
However, they follow from the following, simple identity (see also [11]), which
can easily be checked:
δLHilbert = −
1
16pi
√
|g|Gµνδgµν + ∂κ
{
(δκλpi
µν − δµλpi
νκ) δΓλµν
}
= Rµνδpi
µν + ∂κ
{
pi
µνκ
λ δΓ
λ
µν
}
. (15)
The following tensor density with four indices:
pi
µνκ
λ := δ
κ
λpi
µν − δ
(µ
λ pi
ν)κ = δκλpi
µν −
1
2
δ
µ
λpi
νκ −
1
2
δνλpi
µκ , (16)
arises here in a natural way as a “momentum” canonically conjugate to the
connection Γ. Formula (15) suggests to replace metric g by its contravariant
density (3) in the variational principle. This method of variation was used
by many authors since the classical times of General Relativity Theory (see
e.g. the Fock’s monograph [8], formula (60.14)). We use it also here to simplify
the proof of our Theorem. In particular, transition from the Hilbert to the so
called Einstein Lagrangian (which is of the first differential order in g), presented
usually as a transition between “the sufficient part” and the “whole” (see again
Wheelr-Misner-Thorn [9], formula 21.85 on page 519), arises in this context as
a simple Legendre transformation between connection and metric. We shortly
sketch his formalism in Section 2 as an technical tool used in the proof of the
Theorem.
Even more radical simplification is due to the novel mathematical description
of the curvature, presented in Section 3. In Section 4 we combine this formalism
with the variational principle and the enormous simplification of the theory
becomes obvious. Section 5 contains a simple derivation of field equations in a
“generalized” theory, based on variational principle (6). This Section is meant as
an illustration of how our formalism works. Finally Section 6 contains proof of
the Theorem and examples. Its possible implications are discussed in Section 7.
Recently, there is a growing interest in theories based on variational for-
mulae containing higher order derivatives of metric (see [14] and the references
herein). The techniques developed in the present paper can be easily adapted
to such theories. For this purpose, results obtained in [15] will be used and the
corresponding results will be presented soon.
2 From Hilbert to Einstein: a Legendre trans-
formation
The present Section constitutes, in fact, the concluding part of the proof of
Theorem 1. We have shifted it here, because it illustrates the notation and the
4
formalism used in this paper.
Equation (15) can be rewritten as follows:
δLHilbert = Rµνδpi
µν + (∂κpi
µνκ
λ ) δΓ
λ
µν + pi
µνκ
λ δΓ
λ
µνκ , (17)
where we use the “jet adapted” notation:
Γλµνκ := ∂κΓ
λ
µν , (18)
and, whence, we have:
pi
µνκ
λ =
∂LHilbert
∂Γλµνκ
.
Similarly, we can introduce momenta canonically conjugate to the matter vari-
ables ϕ:
pκ =
∂LMatter
∂ϕκ
=
∂L
∂ϕκ
,
(again the “jet adapted convention”: ϕκ := ∂κϕ is used). Using the same
convention for the metric (in its “contavariant density” representation):
Sκµν =
∂LMatter
∂pi
µν
κ
, piµνκ := ∂κpi
µν ,
we can finally rewrite the variation of the total Lagrangian (1):
δL = Rµνδpi
µν + ∂κ
(
pi
µνκ
λ δΓ
λ
µν
)
+
∂LMatter
∂piµν
δpiµν + Sκµνδpi
µν
κ
+
∂LMatter
∂ϕ
δϕ+ pκδϕκ
=
(
Rµν +
∂LMatter
∂piµν
− ∂κS
κ
µν
)
δpiµν +
(
∂LMatter
∂ϕ
− ∂κp
κ
)
δϕ
+ ∂κ
(
pi
µνκ
λ δΓ
λ
µν + S
κ
µνδpi
µν + pκδϕ
)
. (19)
Vanishing of the volume part of δL is equivalent to the Euler-Lagrange equa-
tions of the theory. The equations consist, therefore, of two parts: 1) Einstein
equations
0 =
δL
δpiµν
= Rµν +
∂LMatter
∂piµν
− ∂κS
κ
µν , (20)
and the matter field equations:
0 =
δL
δϕ
=
δLMatter
δϕ
=
∂LMatter
∂ϕ
− ∂κp
κ . (21)
Vanishing of the volume part of δL is, therefore, equivalent to the fact, that the
variation reduces to its boundary part. Hence, identity (19) implies, that field
equations (20) – (21) can be rewritten in an equivalent way:
δL = ∂κ
(
pi
µνκ
λ δΓ
λ
µν + S
κ
µνδpi
µν + pκδϕ
)
. (22)
To merely simplify our notation we denote
Aλµν := Γ
λ
µν − δ
λ
(µΓ
α
ν)α = Γ
λ
µν −
1
2
δλµΓ
α
να −
1
2
δλνΓ
α
µα , (23)
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and obtain:
pi
µνκ
λ δΓ
λ
µν = pi
µνδAκµν . (24)
No specific “geometric” interpretation has to be attached to A: it is merely a
combination of components of Γ which arises often in the sequel. Every formula
containing A has to be understood as a statement about the connection Γ! For
example, Ricci tensor can be written shortly in terms of A:
R(µν) = ∂λA
λ
µν −A
λ
µσA
σ
νλ +
1
3
AλµλA
σ
νσ . (25)
The symmetrization is unnecessary in case of a metric connection. However,
written as above, the formula is valid for any symmetric connection Γ.
At this point the following Legendre transformation between the connection
and the metric can be performed:
pi
µνκ
λ δΓ
λ
µν = pi
µνδAκµν = δ
(
piµνAκµν
)
−Aκµνδpi
µν . (26)
Consequently, field equations (22) can be rewritten in yet another way:
δΛ = ∂κ
{(
−Aκµν + S
κ
µν
)
δpiµν + pκδϕ
}
, (27)
where the total derivative on the right hand side of (26) has been shifted to the
left hand side, producing the new Lagrangian Λ:
Λ := L− ∂κ
(
piµνAκµν
)
= LHilbert − ∂κ
(
piµνAκµν
)
+ LMatter . (28)
The first two components sum up to the so called Einstein Lagrangian. Due to
(25), we have:
LEinstein := LHilbert − ∂κ
(
piµνAκµν
)
(29)
= piµν
(
−AλµσA
σ
νλ +
1
3
AλµλA
σ
νσ
)
− piµνλA
λ
µν
= piµν
(
ΓλµσΓ
σ
νλ − Γ
λ
µνΓ
σ
λσ
)
. (30)
The final form of LEinstein has been obtained by expressing both A
λ
µν and the
derivatives piµνλ of the metric in terms of the Christoffel symbols Γ. Observe
that LEinstein does not depend upon second derivatives of the metric.
Subtracting the complete divergence from the Hilbert Lagrangian, like in
formula (29), is a standard trick used in general relativity theory (cf. [9]). Nev-
ertheless, its interpretation in terms of a Legendre transformation (26) is ex-
tremely useful. It clarifies considerably the canonical structure of the general
relativity theory (cf. [12], [11]) and, as will be seen in the sequel, almost trivi-
alizes the proof of our Theorem.
Denoting:
−Aκµν + S
κ
µν =: −a
κ
µν (31)
we can write field equations (27) of the theory in the following way:
δΛ(piµν , piµνκ, ϕ, ϕκ) = ∂κ
{
−aκµνδpi
µν + pκδϕ
}
= −
(
∂κa
κ
µν
)
δpiµν − aκµνδpi
µν
κ + (∂κp
κ) δϕ+ pκδϕκ , (32)
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or, equivalently:
−∂κa
κ
µν =
∂Λ
∂piµν
,
−aκµν =
∂Λ
∂pi
µν
κ
,
∂κp
κ =
∂Λ
∂ϕ
,
pκ =
∂Λ
∂ϕκ
.
These are Euler-Lagrange equations of Λ. Knowing metric tensor piµν we know
also Γκµν and, therefore, also A
κ
µν . Hence, we can reconstruct the matter tensor
Sκµν (and, consequently, its energy-momentum tensor) from (31):
Sκµν =: A
κ
µν − a
κ
µν . (33)
Also, the matter Lagrangian LMatter can be reconstructed from Λ, due to for-
mulae (28), (29) and (30), namely
LMatter = Λ− LEinstein = Λ− pi
µν
(
ΓλµσΓ
σ
νλ − Γ
λ
µνΓ
σ
λσ
)
, (34)
where connection coefficients Γ have to be expressed in terms of the metric pi
and its derivatives.
Observe, that no assumptions about the algebraic structure of Λ was nec-
essary. An arbitrary function Λ of the metric pi, matter fields ϕ and their first
derivatives can be used as a starting point. We have just proved that the result-
ing theory, derived from a generic Λ via eq. (32), will be precisely the general
relativity theory in its Einstein version. As will become clear in Section 6, this
observation constitutes the concluding part of the proof of our Theorem (see
also formula (80)).
All the formulae used above are absolutely classical. But there is an ex-
tremely powerful mathematical structure hidden here. In fact, formula (32)
contains a natural (canonical) symplectic structure
ω = ∂κ
{
−δaκµν ∧ δpi
µν + δpκ ∧ δϕ
}
= −δ
(
∂κa
κ
µν
)
∧ δpiµν − δaκµν ∧ δpi
µν
κ + δ (∂κp
κ) ∧ δϕ+ δpκ ∧ δϕκ ,(35)
existing in the space of first jets of sections of the bundle describing both the
metric field and the matter fields (cf. [13], [11], [15]). This is the source of the
Hamiltonian structure of general relativity theory. The proof of our Theorem,
which we give in this paper, can be viewed as a simple application of this
mathematical structure.
3 An alternative description of the curvature
tensor
Variation with respect to a connection field Γ leads to an ugly algebra, which
obscures considerably description of the corresponding canonical (Hamiltonian)
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structure of the theory. This is due to the fact that the momentum canonically
conjugate to Γ:
P
µνκ
λ :=
∂L
∂Γλµνκ
(36)
(where Γλµνκ = ∂κΓ
λ
µν , cf. (18)), and the derivative of the Lagrangian with
respect to the Riemann tensor:
Q
µνκ
λ :=
∂L
∂Rλµνκ
, (37)
although related by a one-to-one correspondence, have different symmetries
(symmetry versus antisymmetry; cf. also [9], formula (21.20) on p. 500). Also
Bianchi I-st type identities are implemented in a completely different way on P
and Q. Below, we propose an alternative description of the curvature, which
trivializes this relation and, as will be seen in the sequel, simplifies enormously
the proof of our Theorem.
Define a “reference frame at a point x ∈ M” of a manifold M as an equiv-
alence class of coordinate charts with respect to the following relation “∼x”.
Given two charts in a neighbourhood of x, we declare them to be equivalent if
the second derivatives of any coordinate from one chart with respect to coordi-
nates of the other chart vanish at x:
((xµ) ∼x (y
α))⇐⇒
(
∂2yα
∂xµxν
(x) = 0
)
. (38)
It is easy to check that, indeed, it is an equivalence relation.
Given a reference frame Υ0 at x, we may parameterize any other reference
frame Υ at x by the following table of numbers:
Γλµν(x) :=
∂xλ
∂yα
∂2yα
∂xµxν
(x) , (39)
where (yα) is a representative of Υ0 and (x
µ) a representative of Υ. It is easy
to check that Γλµν(x) does not depend upon the choice of these representatives.
This way the set of all reference frames acquires a structure of an affine fiber
bundle over M .
Connection on a manifold M is a “field of reference frames”M ∋ x→ Υ(x),
i.e. a section of this bundle. The “privileged” reference frame Υ(x) at x ∈M can
be called a “local inertial frame at x”. Its coordinate description with respect
to any coordinate chart (xµ) is provided by the set of functions Γλµν = Γ
λ
µν(x).
If (xµ) belongs to this privileged class: (xµ) ∈ Υ(x), i.e. if Γλµν(x) = 0, then x
µ
will be called “inertial coordinates at x”.
Connection is flat if there exists a global inertial frame, i.e. a coordinate chart
which is inertial not just at a single point, but everywhere. Given a connection
Υ, how to check whether or not it is flat? First, we can choose coordinates
(xµ) which are inertial at x, i.e. such that Γλµν vanish at x. Without any loss of
generality we can assume that x = (0, 0, . . . , 0). Is it possible to “improve” these
coordinates in such a way that Γλµν vanish also outside of x? As a first step to
answer this question let us try to kill also the derivatives Γλµνκ(x) = ∂κΓ
λ
µν(x).
Is it possible?
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Consider such an improved system of coordinates:
yλ := xλ +
1
6
Qλµνκx
µxνxκ + term of order higher than 3 , (40)
where coefficients Q are symmetric: Qλµνκ = Q
λ
(µνκ). Only such coordinate
transformations are interesting because:
1. terms of order 0 vanish under differentiation (39), i.e. do not influence the
connection coefficients Γλµν ;
2. terms of order 1 produce only a linear (with constant coefficients) transfor-
mation of Γλµν and, whence, a linear homogeneous (tensorial type) trans-
formation of the coefficients Γλµνκ(x): if they do not vanish before, they
will not vanish after such a transformation;
3. non-vanishing terms of order 2 would change, due to (39), the value of Γ
at x. We try to avoid it because we have already Γλµν(x) = 0 and we do
not want to spoil this!
4. a possible non-symmetric part of Q vanishes when contracted with the
totally symmetric expression xµxνxκ;
5. 4th and higher order terms produce 2nd and higher order term in Γλµν
and, whence, do not change the value of derivatives Γλµνκ(x).
Using (39) we calculate the new connection coefficients Γ˜. They contain an
extra linear term proportional to Q. Finally, after differentiation, we obtain:
Γ˜λµνκ(x) = Γ
λ
µνκ(x) +Q
λ
µνκ . (41)
Using an arbitrary (but symmetric!) tensor Qλµνκ we are able to kill the totally
symmetric part Γλ(µνκ) of Γ
λ
µνκ. The remaining part, if any:
Kλµνκ := Γ
λ
µνκ − Γ
λ
(µνκ) , (42)
constitutes an obstruction against a possibility of killing derivatives of Γ, i.e.
against its flatness. It measures, therefore, how non-flat, i.e. how curved, is the
connection. We call it the curvature tensor.
The above formula is valid in inertial coordinates. In generic coordinate
system we calculate the value of the curvature tensor (42) at a point x in three
steps: 1) recalculate Γ to any inertial frame at x, 2) calculate curvature tensor
K according to (42) and, finally: 3) recalculate components of the tensor K
back to original coordinate system. It is easy to prove that this way we obtain
the following, universal formula, valid in an arbitrary coordinate system:
Kλµνκ = Γ
λ
µνκ − Γ
λ
(µνκ) +
(
ΓλσκΓ
σ
µν − Γ
λ
σ(κΓ
σ
µν)
)
= Γλµνκ + Γ
λ
σκΓ
σ
µν −
(
Γλ(µνκ) + Γ
λ
σ(κΓ
σ
µν)
)
. (43)
Due to the definition, the curvature tensor K is symmetric in first indices and
its totally symmetric part vanishes:
Kλµνκ = K
λ
νµκ ; K
λ
(µνκ) = 0 . (44)
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The last identity can be called Bianchi I-st type identity.
The above curvature tensor is equivalent to the standard Riemann tensor
Rλµνκ: antisymmetrization of K in last two indices produces R and symmetriza-
tion of R in first two indices produces K. More precisely, the following relations
are obvious:
Rλµνκ = −2K
λ
µ[νκ] ; K
λ
µνκ = −
2
3
Rλ(µν)κ , (45)
and the identities (44) for K are equivalent to the analogous identities for R:
Rλµνκ = −R
λ
µκν ; R
λ
[µνκ] = 0 . (46)
The curvature tensor can be decomposed into three irreducible parts: the
symmetric and antisymmetric part of the Ricci tensor and the traceless (Weyl)
tensor. More precisely, we have:
Kλµνκ = −
1
9
(
δλµKνκ + δ
λ
νKµκ − 2δ
λ
κKµν
)
−
1
5
(
δλµFνκ + δ
λ
νFνκ
)
+ Uλµνκ , (47)
where Kµν = Kνµ and Fµν = −Fνµ. All the three terms on the right hand side
of (47) satisfy the same symmetries (44). Moreover, the last term is traceless:
Uλµνλ = U
λ
λνκ = 0. The coefficients have been chosen in such a way that Kµν
and Fµν are respectively the symmetric and the antisymmetric part of the Ricci
tensor:
Rµν := R
λ
µλν = Kµν + Fµν . (48)
The traces of the curvature Kλµνκ can be obtained from (47):
Kλλνκ = −
1
3
Kνκ − Fνκ ; K
λ
µνλ =
2
3
Kµν . (49)
For the sake of completeness let us mention that the corresponding decomposi-
tion of the Riemann tensor can be obtained directly from (47) and (45):
Rλµνκ =
1
3
(
δλνKµκ − δ
λ
κKµν
)
+
1
5
(
2δλµFνκ + δ
λ
νFµκ − δ
λ
κFµν
)
+Wλµνκ , (50)
where the Weyl tensor W fulfills identities (46) and is traceless. We have also:
Rλλµν = 2Fµν . (51)
If Γ is a metric connection, the second part of both (47) and (50) vanishes
because we have Fµν = 0 in this case. Finally, observe that U contains the
complete information about the Weyl tensor W because we have:
Wλµνκ = −2U
λ
µ[νκ] ; U
λ
µνκ = −
2
3
Wλ(µν)κ . (52)
4 Affine variational principle. Field equations
To prepare the techniques which are necessary for the purposes of our Theorem,
we consider in this Section a (much simpler) “purely affine” variational principle.
It covers, in particular, examples considered by Higgs including his “unsolved
case 3” (see [2]). At the end of this Section we show how to solve this unsolved
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case. Assume, therefore, that L is a scalar density depending upon a curvature
tensor Kλµνκ. The formula
δL(Kλµνκ) = P
µνκ
λ δK
λ
µνκ , (53)
does not define uniquely its derivative
P
µνκ
λ =
∂L
∂Kλµνκ
, (54)
unless we assume symmetries of P dual to symmetries (44) of the curvature
tensor:
P
µνκ
λ = P
νµκ
λ ; P
(µνκ)
λ = 0 . (55)
Due to this condition, which will always be imposed in the sequel, derivative
(54) of L can be uniquely represented by the tensor density P .
We admit also the dependence of L upon matter fields and a conncetion:
L = L(Kλµνκ,Γ
λ
µν , ϕ, ϕκ) , (56)
where ϕ represents matter fields and ϕκ := ∂κϕ. Connection coefficients Γ are
already contained in the curvature tensor K, but we admit that they enter into
L via hypothetic “covariant derivatives” of matter fields. Observe that (at the
moment) there is no metric tensor here and, therefore, no metricity condition is
imposed on Γ. Field equations obtained from variation with respect to Γ and ϕ
can be written in the following way:
δL = ∂κ
(
P
µνκ
λ δΓ
λ
µν + p
κδϕ
)
= (∂κP
µνκ
λ ) δΓ
λ
µν + P
µνκ
λ δΓ
λ
µνκ + (∂κp
κ) δϕ+ pκδϕκ , (57)
where the second and the last terms on the right hand side contain definitions
of the momenta Pµνκλ and p
κ, whereas the first and the third terms are the
Euler-Lagrange equations of the theory. To obtain the “covariant” form of
these equations let us replace the partial derivative ∂κP
µνκ
λ in the first term by
the corresponding covariant derivative. For this purpose we use the following
identity, which is proved in the Appendix:
∇κP
µνκ
λ = ∂κP
µνκ
λ − P
µνκ
σ Γ
σ
λκ − P
σκ(µ
λ Γ
ν)
σκ . (58)
Hence, we have:
(∂κP
µνκ
λ ) δΓ
λ
µν + P
µνκ
λ δΓ
λ
µνκ
=
(
∇κP
µνκ
λ + P
µνκ
σ Γ
σ
λκ + P
σκ(µ
λ Γ
ν)
σκ
)
δΓλµν + P
µνκ
λ δΓ
λ
µνκ
= (∇κP
µνκ
λ ) δΓ
λ
µν + P
µνκ
λ
(
ΓλσκδΓ
σ
µν + Γ
σ
µνδΓ
λ
σκ + δΓ
λ
µνκ
)
= (∇κP
µνκ
λ ) δΓ
λ
µν + P
µνκ
λ δK
λ
µνκ , (59)
the last equality being implied by definition (43) of the curvature tensor and
the “Bianchi-like” symmetry (55). Hence, field equations (57) can be rewritten
as:
δL = (∇κP
µνκ
λ ) δΓ
λ
µν + P
µνκ
λ δK
λ
µνκ + (∂κp
κ) δϕ+ pκδϕκ , (60)
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or, equivalently:
P
µνκ
λ =
∂L
∂Kλµνκ
,
∇κP
µνκ
λ =
∂L
∂Γλµν
,
pκ =
∂L
∂ϕκ
,
∂κp
κ =
∂L
∂ϕ
.
In particular, if the connection coefficients Γ enter into the Lagrangian (56) only
via the curvature K (i.e. if there are no “covariant” derivatives of the matter
fields, like for e.g. the scalar and the electromagnetic field) then the second
equation reads: ∇κP
µνκ
λ = 0.
The main advantage of the use of Kλµνκ instead of the Riemann tensor R
λ
µνκ
consists in the identity
∂L
∂Γλµνκ
=
∂L
∂Kλµνκ
.
This (mathematically very modest!) achievement makes the tedious variational
formulae several times shorter than in the standard formalism. This is probably
the reason why such a simple fact as our Theorem has been overlooked so far.
Using decomposition (47) and identities (55) we can also decompose the
momentum P into three irreducible pieces:
P
µνκ
λ δK
λ
µνκ = −
1
9
P
µνκ
λ δ
(
δλµKνκ + δ
λ
νKµκ − 2δ
λ
κKµν
)
−
1
5
P
µνκ
λ δ
(
δλµFνκ + δ
λ
νFµκ
)
+ Pµνκλ δU
λ
µνκ
= p˜iµνδKµν + F
µνδFµν + p
µνκ
λ δU
λ
µνκ , (61)
where
p˜iµν =
1
3
P
µνλ
λ ,
Fµν = −
2
5
P
λ[µν]
λ ,
and pµνκλ is the tracelss part of P
µνκ
λ . The following decomposition of P
µνκ
λ ,
dual with respect to (47), can be easily proved:
P
µνκ
λ =
(
δκλp˜i
µν − δ
(µ
λ p˜i
ν)κ
)
−
1
2
(δµλF
νκ + δνλF
µκ) + pµνκλ . (62)
We conclude that p˜i, F and p are equal to the corresponding derivatives of the
Lagrangian L with respect to K, F and U , respectively. Observe that the first
term of the decomposition (62) is analogous to the tensor (16) in the purely
metric theory. This is how the “true” metric arises in a purely affine theory
(cf. [13], [12]). We denote it by p˜i because, in a generic case, it differs from the
original metric tensor denoted by pi. As will be seen in the sequel, the latter
will be downgraded to the level of matter fields.
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5 Metric-affine lagrangian: a simple way to de-
rive field equations
Finally, we are ready to analyze our “generalized” general relativity theory,
based on the Lagrangian function (6). In the present Section we show how the
symplectic formalism introduced above leads to a simple derivation of the field
equations. The reader who is interested in the proof of our Theorem only, can
simply skip this Section. Nevertheless, it provides a good exercise and shows
how powerful is the symplectic formalism in field theory.
As we already know, a considerable simplification of the structure is obtained
if the metric tensor is encoded by the tensor density (3) and the Riemann tensor
is replaced by the curvature tensor (43). Hence, we consider the Lagrangian
L = L(piµν ,Kλµνκ(Γ),Γ
λ
µν , ϕ, ϕκ) , (63)
where Γ is the Levi-Civita connection of the metric pi. This is a constraint which
can be formulated in the following way:
∇κpi
µν = 0 . (64)
Without any loss of generality, we consider only symmetric connections, because
a non-symmetric connection can always be decomposed into a symmetric con-
nection and a torsion. The latter will always be treated as one of the matter
fields ϕ. Field equations of the theory can be obtained from the generating
formula similar to (57). There are, however, two differences which makes our
job a little bit more difficult: 1) there is an extra “matter field” pi and, whence,
an extra momentum is necessary; moreover: 2) the constraints (64) must be
satisfied. Hence the following generating formula is true:
δL = ∂κ
(
P
µνκ
λ δΓ
λ
µν + b
κ
µνδpi
µν + pκδϕ
)
, (65)
but variations on the right hand side must obey constraint equations (64). Using
(59) from the previous Section, we rewrite the generating formula as follows:
δL(piµν ,Kλµνκ,Γ
λ
µν , ϕ, ϕκ) = (∇κP
µνκ
λ ) δΓ
λ
µν + P
µνκ
λ δK
λ
µνκ
+
(
∂κb
κ
µν
)
δpiµν + bκµνδpi
µν
κ + (∂κp
κ) δϕ+ pκδϕκ . (66)
Contrary to the quantity (23) which arises in formula (27), the components bκµν
represent a tensor and not just a connection coefficients because, in contrast to
Λ, our present L is an invariant scalar density. On the other hand, constraints
(64) can be rewritten as:
0 = ∇κpi
µν = piµνκ + pi
σνΓµσκ + pi
µσΓνσκ − pi
µνΓσκσ . (67)
(The last term arises because pi is a tensor density!). Equality (66) must be
satisfied up to a covector which vanishes on the constraint submanifold (see
also [15]), i.e. up to a combination Λκµνδ (∇κpi
µν), where Λκµν are “Lagrange
multiplyers”. But (67) implies:
Λκµνδ (∇κpi
µν) = Λκµνδpi
µν
κ +
(
Λµλκpi
νκ + Λνλκpi
µκ − δ(µΛ
ν)
αβpi
αβ
)
δΓλµν
+
(
ΛκλµΓ
λ
νκ + Λ
κ
λνΓ
λ
µκ − Λ
κ
µνΓ
λ
κλ
)
δpiµν . (68)
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Putting this expression on the right hand side of (66) and observing that L does
not contain derivatives piµνκ of the metric, we see that the Lagrange multipliers
Λ must be equal to the momenta b:
Λκµν = b
κ
µν . (69)
Consequently, we obtain the following gravitational field equations:
P
µνκ
λ =
∂L
∂Kλµνκ
, (70)
∇κP
µνκ
λ =
∂L
∂Γλµν
+
(
b
µ
λκpi
νκ + bνλκpi
µκ − δ
(µ
λ b
ν)
αβpi
αβ
)
, (71)
∂κb
κ
µν =
∂L
∂piµν
+
(
bκλµΓ
λ
νκ + b
κ
λνΓ
λ
µκ − b
κ
µνΓ
λ
κλ
)
, (72)
plus the standard Euler-Lagrange equations for the matter fields: ∂κp
κ = ∂L
∂ϕ
,
where pκ = ∂L
∂ϕκ
.
The last term in equation (72) combines, together with the left hand side,
to the covariant derivative and we obtain:
∇κb
κ
µν =
∂L
∂piµν
. (73)
Equation (70) expresses the momentum P in terms of the curvature K. Finally,
(71) can be easily solved with respect to the momenta bκµν :
bλµν =
1
2
{
−piµαδ
λ
βδ
σ
ν − piναδ
λ
βδ
σ
µ + pi
λσ
(
piµαpiνβ −
1
2
piµνpiαβ
)
+
1
3
piµνδ
σ
αδ
λ
β
}(
∇κP
αβκ
σ −
∂L
∂Γσαβ
)
,
where piµν is the inverse matrix of pi
µν . Plugging this result into (73) we finally
obtain gravitational field equations in the covariant form. They contain second
order derivatives ∇λ∇κP
αβκ
σ of the momenta, i.e. fourth order derivatives of
the metric pi.
6 Proof of the Theorem
We begin with generating formula (65) and perform the Legendre transformation
between the connection Γ and the momentum P :
∂κ
(
P
µνκ
λ δΓ
λ
µν
)
= δ∂κ
(
P
µνκ
λ Γ
λ
µν
)
− ∂κ
(
ΓλµνδP
µνκ
λ
)
. (74)
We have
∂κ
(
P
µνκ
λ Γ
λ
µν
)
= (∂κP
µνκ
λ ) Γ
λ
µν + P
µνκ
λ Γ
λ
µνκ .
But:
P
µνκ
λ Γ
λ
µνκ = P
µνκ
λ
(
Γλµνκ + Γ
λ
σκΓ
σ
µν
)
− Pµνκλ Γ
λ
σκΓ
σ
µν
= Pµνκλ K
λ
µνκ − P
µνκ
λ Γ
λ
σκΓ
σ
µν .
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Hence,
∂κ
(
P
µνκ
λ Γ
λ
µν
)
= (∂κP
µνκ
λ ) Γ
λ
µν − P
µνκ
λ Γ
λ
σκΓ
σ
µν + P
µνκ
λ K
λ
µνκ
= (∇κP
µνκ
λ ) Γ
λ
µν + P
µνκ
λ Γ
λ
σκΓ
σ
µν + P
µνκ
λ K
λ
µνκ , (75)
the last equality being the consequence of identity (58). Putting the variation
of this quantity on the left hand side we obtain from (65):
δΛ˜ = ∂κ
(
−ΓλµνδP
µνκ
λ + b
κ
µνδpi
µν + pκδϕ
)
, (76)
where the new generating function
Λ˜ = L− (∇κP
µνκ
λ ) Γ
λ
µν − P
µνκ
λ Γ
λ
σκΓ
σ
µν − P
µνκ
λ K
λ
µνκ (77)
has to be expressed in terms of the “control variables”, i.e.: P , pi, ϕ and their
derivatives. Also the curvature tensor K has to be expressed in terms of these.
For this purpose we must solve field equations (70) with respect to K.
Now, we use decomposition (62) of P . The antisymmetric part Fµν drops
out because Γ is the metric connection . Hence, we have:
P
µνκ
λ =
(
δκλp˜i
µν − δ
(µ
λ p˜i
ν)κ
)
+ pµνκλ , (78)
and this is how the new metric p˜iµν arises in the theory, downgrading the old
one piµν to the level of matter fields. Similarly as in (24), we have
ΓλµνδP
µνκ
λ = A
λ
µνδp˜i
µν + Γλµνδp
µνκ
λ , (79)
where A has been defined by formula (23) in terms of the old connection Γλµν .
Denoting by Γ˜λµν the new connection defined by the new metric p˜i
µν and by A˜λµν
the corresponding objects built of its components, we can rewrite the generating
formula (76) in the following way:
δΛ˜ = ∂κ
((
−A˜λµν + S
λ
µν
)
δp˜iµν − Γλµνδp
µνκ
λ + b
κ
µνδpi
µν + pκδϕ
)
, (80)
where:
Sλµν := A˜
λ
µν −A
λ
µν .
This is precisely formula (27) for the new metric p˜iµν interacting with three
different groups of matter fields: 1) the original matter field ϕ (together with
its momentum pκ), 2) the old metric piµν (together with its momentum bκµν) and
3) the field pµνκλ (together with its momentum
2, which is equal to −Γλµν). Hence,
the new matter fields φ which appear in the thesis of the Theorem represent
the second and the last ones of this triple: φ = (piµν , pµνκλ ). This observation
completes the proof of the Theorem.
2To better understand the symplectic structure of the theory it is useful to rewrite the
term containing p in (80):
Γλµνδp
µνκ
λ
= Gκλµνσδp
µνσ
λ
,
where the momentum Gκλµνσ has been built from δ
κ
σΓ
λ
µν by projecting it on the subspace
of tensors fulfilling all the algebraic symmetries of pµνσ
λ
. Hence, momentum canonically
conjugate to p is represented by G, which carries precisely the same information as Γ does.
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To describe better the structure of Λ˜ we use decomposition (47) of the cur-
vature tensor:
Kλµνκ = −
1
9
(
δλµKνκ + δ
λ
νKµκ − 2δ
λ
κKµν
)
+ Uλµνκ , (81)
(antisymmetric part Fµν of the Ricci vanishes identically because Γ is metric).
Identity (61) implies that the definition (70) of Pµνκλ splits into two independent
components:
p˜iµν =
∂L
∂Kµν
, (82)
p
µνκ
λ =
∂L
∂Uλµνκ
. (83)
Moreover, due to (78), we have:
P
µνκ
λ K
λ
µνκ = p˜i
µνKµν + p
µνκ
λ U
λ
µνκ ,
(∇κP
µνκ
λ ) Γ
λ
µν = (∇λp˜i
µν)Aλµν + (∇κp
µνκ
λ ) Γ
λ
µν ,
P
µνκ
λ Γ
λ
σκΓ
σ
µν = p˜i
µν
(
ΓσµνΓ
κ
σκ − Γ
σ
κµΓ
κ
σν
)
+ pµνκλ Γ
λ
σκΓ
σ
µν
(∇κp
µνκ
λ ) Γ
λ
µν + p
µνκ
λ Γ
λ
σκΓ
σ
µν = (∂κp
µνκ
λ ) Γ
λ
µν − p
µνκ
λ Γ
λ
σκΓ
σ
µν .
Hence, formula (34) implies the following form of the new matter Lagrangian:
L˜Matter = L˜Matter (p˜i, ∂p˜i;ϕ, ∂ϕ, pi, ∂pi, p, ∂p) (84)
= Λ˜− p˜iµν
(
Γ˜λµσΓ˜
σ
νλ − Γ˜
λ
µν Γ˜
σ
λσ
)
= L− p˜iµνKµν − p
µνκ
λ U
λ
µνκ
− (∇λp˜i
µν)Aλµν − (∂κp
µνκ
λ ) Γ
λ
µν + p
µνκ
λ Γ
λ
σκΓ
σ
µν
− p˜iµν
(
ΓλµσΓ
σ
νλ − Γ
λ
µνΓ
σ
λσ
)
− p˜iµν
(
Γ˜λµσΓ˜
σ
νλ − Γ˜
λ
µν Γ˜
σ
λσ
)
. (85)
Here, Uλµνκ and Kµν have to be expressed in terms of the remaining variables.
For this purpose equations (82) and (83) must be solved with respect to K and
U .
Remark 1: If the original Lagrangian L does not depend upon the Weyl
tensor Uλµνκ, but only upon the Ricci Kµν , then (83) implies p
µνκ
λ ≡ 0 and the
new matter variables reduce to the “old metric” pi. This case was thoroughly
analyzed in [3]. In particular, the Sacharov theory [4] (see also [5]) belongs to
this class.
Remark 2: Another interesting class of theories is given by Lagrangians
having the following structure:
L = LHilbert + LWeyl , (86)
where LHilbert is given by (2) (i.e. we have LHilbert = pi
µνKµν) and where LWeyl
depends upon the Weyl tensor and the metric. Equation (82) implies p˜iµν = piµν .
We have, therefore Γ˜λµσ = Γ
λ
µσ and, consequently, ∇λp˜i
µν ≡ 0. Hence, the only
matter field of the theory is p given by (83):
p
µνκ
λ =
∂L
∂Uλµνκ
. (87)
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Example: Consider the following Lagrangian:
L =
1
16pi
√
|g|R+
c
2
√
|g|UλµνκU
σ
αβγgλσg
µαgνβgκσ
= piµνKµν +
c
2
√
|g| (U · U) , (88)
where the standard Hilbert term has been appended by the square of the Weyl
tensor multiplied by an arbitrary constant c. Equations (82) and (83) imply:
p˜iµν = piµν , (89)
p
µνκ
λ = c
√
|g|Uσαβγgλσg
µαgνβgκσ . (90)
We have, therefore,
L− p˜iµνKµν − p
µνκ
λ U
λ
µνκ = −
1
2c
√
|g|
p
µνκ
λ p
αβγ
σ g
λσgµαgνβgκσ . (91)
Hence, the matter Lagrangian (85) for the field p reduces to:
L˜Matter = −
1
2c
√
|g|
p
µνκ
λ p
αβγ
σ g
λσgµαgνβgκσ − (∂κp
µνκ
λ ) Γ
λ
µν + p
µνκ
λ Γ
λ
σκΓ
σ
µν .
(92)
7 Conclusions
The main advantage of the reformulation presented above is the applicability of
the standard Hamiltonian formalism developed for purposes of general relativity
theory. In particular, the “positive energy” theorem applies here if and only if
the matter energy is positive. This is probably the simplest way to analyze
stability of different models of this type.
There might be doubts about which one of the two metric tensors is “the true
one”. This question was already considered by Higgs, who had the following
remark: it seems likely that more direct physical significance may be attached to
the new metric than to the original dynamic variables g, which enter into the
action principle (see [2]).
In this context I want to stress that already in the absolutely standard Ein-
stein formulation the gravitational waves can propagate along different “light
cones” than the ones defined by the metric tensor. Indeed, if the matter
Lagrangian contains connection coefficients (necessary, e.g., for the covariant
derivatives of the matter fields) then the energy momentum tensor contains
also second derivatives of the metric, contained in the last term of equation
(20)). Hence, expression Gµν − 8piTµν contains second derivatives multiplied
not only by the metric tensor (coming from Gµν) but also by the functions of
the matter fields (coming from Tµν). The effective light cone is, therefore, dif-
ferent from the one defined by the metric. The existence of two metric tensors
is, therefore, not so controversial as one could feel at the beginning.
Having already accepted the existence of different metric tensors in the the-
ory, the question: “which one among them is more physical than the remaining
ones” is irrelevant as far as the dynamical properties of the field evolution are
considered. Indeed, these properties do not depend upon the set of equivalent
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variables in (7), which we use to parameterize field configurations. But the very
mathematical structure of the theory distinguishes our metric p˜iµν , arising as a
momentum canonically conjugate to the Ricci tensor Kµν . Using it, the grav-
itational part of field equations will always be written in the universal form of
Einstein equations Gµν(g˜) = 8piT˜ µν , no matter how exotic and complicated is
the Lagrangian (6) of the theory.
Of course, it is hard to believe that the theory like (92) has any fundamental
value. In my opinion it can be treated as merely a phenomenological theory.
Nevertheless, our theory shows that, instead of “generalizing” general relativity
theory, one can concentrate on inventing new matter fields describing phenom-
ena which we want to model (e.g. black energy). In this context our theorem can
be a good starting point. In particular, the “purely affine” theory (56), which
does not contain any “primary metric” pi, is especially interesting. Here, there
is a unique metric tensor p˜i, arising dynamically as a momentum canonically
conjugate to the Ricci part of the curvature.
Using ideas presented in [15], one can easily generalize our Theorem to the
case of Lagrangians depending not only upon curvature tensor, but also upon
its (covariant) derivatives. In this case matter field equations will be of higher
differential order, whereas gravitational field will be always described by the
conventional Einstein equations. The only difference would be the dependence
of the matter energy-momentum tensor (5) upon higher derivatives of the mat-
ter fields. Consequently, the positivity of the total mass (and the stability of
the theory) can be analyzed in terms of the conventional tools of Hamiltonian
gravity.
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Appendix: Proof of the formula (58)
∇κP
µνκ
λ = ∂κP
µνκ
λ − P
µνκ
σ Γ
σ
λκ + P
σνκ
λ Γ
µ
σκ + P
µσκ
λ Γ
ν
σκ + P
µνσ
λ Γ
κ
σκ − P
µνκ
λ Γ
σ
κσ
= ∂κP
µνκ
λ − P
µνκ
σ Γ
σ
λκ + P
σνκ
λ Γ
µ
σκ + P
µσκ
λ Γ
ν
σκ
= ∂κP
µνκ
λ − P
µνκ
σ Γ
σ
λκ +
1
2
(P σνκλ + P
κνσ
λ ) Γ
µ
σκ +
1
2
(Pµσκλ + P
µκσ
λ ) Γ
ν
σκ .
But, as a consequence of identities (55), we have:
P σνκλ + P
κνσ
λ = −P
κσν
λ ,
and
P
µσκ
λ + P
µκσ
λ = −P
σκµ
λ .
Plugging these into the previous equation we obtain (58).
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